How to tell you're hearing a Calabi-Yau: 
Universal variations of Hodge structure and local 
Schottky relations for Calabi-Yau manifolds 
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The purpose of this paper is twofold. First, we give a canonical formula for the 



Ph! variation of Hodge structure associated to the m-th order universal deformation 

<D . 

of an arbitrary compact Kahler manifold, this variation being viewed as a module 

O ' 

ps| ' over the base of the deformation. Second, we specialize to the case of a Calabi-Yau 
manifold X where we give a formula for the m-th differential of the period map of 

> ■ 

X and deduce formal defining equations for its image (Schottky relations); these 

O 
IT) 

o 
in 



are (necessarily infinite, in dimension > 3) power series in the middle cohomology. 

We will use the method of canonical infinitesimal deformations, developed by 
the author in earlier papers [Rl, R2]. This method gives a canonical description 



of infinitesimal moduli spaces and, what's more, natural maps involving them. 
While it might be argued that a germ of a smooth space-such as the moduli of 
an unobstructed manifold-is a rather rigid featureless object, making a canonical 
description of it uninteresting, on the contrary maps involving such germs can 

•i-H . 

^ ■ be quite interesting; in the case of moduli, the method of canonical infinitesimal 
deformations provides a vehicle for studying such maps. For instance in the case at 
hand the n-th derivative of the period map of a Calabi-Yau n-fold X is a filtered 
map 

TIM -> H n DR {X)/F n 

whose associated gradeds S l H 1 (Tx) — > H^~ l,% are the so-called Yukawa-Green 
forms (cf. [G]). We will develop cohomological formulas for this and other derivative 
maps (Theorem 3 below), which will allow us to determine their image and derive 
(Schottky) relations defining this image, essentially in terms of some generalized 
Yukawa-Green type forms (corollary 3.1 below). For n = 2 we recover the celebrated 
'period quadric' of K3 surface theory; for n > 3 the relations seem to be new. For 
n = 3 the situation is particularly interesting assuming the 'mirror conjecture' 
because then the higher derivatives of the period map, here computed, are related- 
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of rational curves, etc.) of the mirror of X. We hope to return to this in greater 
detail elsewhere. 

The present methods should be applicable in other Schottky-type problems: the 
case of curves is being developed by G. Liu (UCR dissertation, to appear). 

This paper is a revised version of a manuscript entitled 'Linear structure on 
Calabi-Yau moduli spaces' (May 1993). We are grateful to Professors P. Deligne 
and M. Green for their enlightening comments . 

1. Preliminaries. 

1.1 Functors on S -Modules 

In [Rl] we showed how an Artin local C-algebra may be reconstructed from 
a certain 'order-symbolic' or OS structure on the space of C-valued differential 
operators on S. Our purpose here is to note an analogue of this for S-modules. 

Now fix a local C-algebra S with maximal ideal m and residue field S/m = C 
and put 

B l = D l (S, C) = Hom(S„ C) = S*, S t = S/m l+ \ 

and 

B l = D\(SX) = (m/nC +1 y. 

For an S-module E, put 

B\E)=Bl® s E, 

where Bq is viewed as 5-bi-module and E as (symmetric) 5-bi-module. At least 
when E ® Si is S^-free, B l (E) may be identified with the right S'-module of differ- 
ential operators D l (E v , C), E v = Hom s (E, S). 
We have a symbol map 

a l :B l ^ B l ® c B^ 1 

which factors through Fi(B l ®c B l ~ l ), where Fi is the filtration induced by the 
order filtration on B l : and this gives rise to a symbol map 

<r% : B\E)^B l ® c B l -\E), 

which again factors through Fi(B l ®c B l ~ l (E)). These a l E , i < m, together with 
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order-symbolic' (MOS) structure on B m (E). Note that B m (E) itself is a right 
.Sm-module, called the m-th transpose of E. 

"Dually," suppose we are given an MOS structure G' , G l a right ^-module. We 
then define an S^-module C m (G'), called the module of quasi-scalar homomor- 
phisms Bq 1 — > C m {G), inductively as follows. 

C°(G) = G° 

C l {G) = all right S-linear maps <j : B l ^ G l 
such that for some </? l_1 : -Bq -1 —> G l ~ x the following diagrams commute. 

B 1 ' 1 G*- 1 Bl G l 

i 

° G 

Bl & BiQB*- 1 mipi ~\ B'QG*- 1 

Note that we have natural maps 

(1.1) E — > C m (B m (E)) 



(1.2) B m (C m (G)) -> G". 

At least when i? is ^-free (resp. G' is 'co-free', i.e. a sum of copies of B™ with 
the standard MOS structure), these are isomorphisms. 

1.2 Derivatives. 

For later use we want to give a more 'geometric' interpretation of B l {E), assum- 
ing E corresponds to a geometric vector bundle V(E) over a pointed space (M, 0). 
The (i + l)st tangent sapce Tfy (V(E)) decomposes into components according 
to vertical degree (= homogeneity degree with respect to the natural C* action), 
and B l (E) is just the component of vertical degree 1. This may be verified easily. 
Now suppose given a 'section', i.e. an element e e E, corresponding to a geometric 
cross-section s e : M — > V(E) with value e(0) = s e (0) G -E'(O), and also to a map 
it : M <g> C -> V(-E), it (a;,*) = (x,ts e )- Tnen tne natural map B*(e) : -> B i (E) 
may be identified as the degree 1 component of the composite 

ji+l M 
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or, what is the same under the natural identification T^}(V(E))^T^\ Q) JV(E)) 
given by translation by S e , B l (e) is the vertical degree-1 component of the composite 

T W^ e(0) (F(i?))^T ^; 0) (y(i?)) 

where R is the 'Euler' vector field, corresponding to the C*-action. Given a triv- 
ialisation V(E)^E(0) x M, corresponding to a splitting a : B l {E) — > -E'(O), so 
that s e is the graph of a function / : M — > E, the composite a.B l (e) : B l — > -E'(O) 
clearly coincides with the i-th differential of the function /, i.e. the map d l f : B l = 
T l M -^T l (E(0)) = © S l (E(0)) -> E(0). 

1.3. Jacobi Complexes and Universal Deformations.. 

Fix a base space X which for convenience we assume to be a compact complex 
space (although the construction works more generally), and a sheaf of Lie algebras 
on X, such that H (q) = 0. As in [Rl], we have Jacobi complexes J m (o) which 
may be described as follows. Let X<m> be the m-fold very symmetric product of 
X, i.e. the space of subsets of X of cardinality G [1, m], with the topology induced 
by the natural map X m — > X<m>. For i < m let A l (g) be the image of the exterior 
alternating product of 0, supported on X<i>C X<m>. Then the bracket on q 
gives rise to a map A l (g) — > A l_1 (g), and these fit together to form the complex 

in which we put A l (g) in degree —i. Similarly, the action of g on E gives rise to a 
complex J m (g,E) on X<m> xl — 

A ra (g)S£^... ^q^E^E, 

in degrees G [— m, 0], where the last term E is supported on the diagonal in X<1> 
xX = X x X. The natural maps 

J'i{ti) ^ J m {Q), i<m, 

J m (8) - ^m(J m -l(fl) ^ J m -l(fl)) 

give rise to an OS structure on V m = H (J m (g)) which, as in [Rl], yields a C- 
algebra structure on R m = C © V^. Similarly, 



rim TD)0„ / t tti\\ 



5 



Forms a sheaf of _R m -modules, and the natural map 

J m ( 9 ,E) -> F m (J m (g) IE J m _i(fl, E)) 

endows G m with a MOS structure compatible with the OS structure on V m , whence 
as in § 1.2 a _R m -module 

|jm C m ((j m ) 

In case E itself is a C-algebra on which g acts by derivations (or more generally a 
graded C-algebra on which q acts by graded derivations) , we have a multiplication 
map 

S 2 E -> £ 

letting g act in the obvious way on S^E 1 , this map is clearly fj-linear, hence extends 
to a map of Jacobi complexes 

J m (g,S 2 E)^ J m ( B ,E). 

Combined with the natural map cx 2 (J m (0, E) — > J m (fl, S 2 E), this gives rise to a 
multiplicative structure on l? ^ J m (g, E 1 ), whence a structure of _R m -algebra on 
C m . 

Note also that g © E has a natural structure of (differential graded) Lie algebra, 
and the image of J m (g, E) onX < m+1 > may be identified with a direct summand 

of J m+1 (Q®E). 

2. Universal variations of Hodge structure. 

Fix a compact complex manifold X with holomorphic tangent sheaf G = @x- 
Note that © acts or Ox and more generally on the holomorphic De Rham complex 
Q x by Lie derivative, so that the above constructions are applicable. Our purpose is 
to apply them to give a description of the universal m-th order variation of Hodge 
structure of X, viewed as a module over the base of the m-th order universal 
deformation of X. We begin with a description of this deformation, essentially 
implicit in [Rl]. 

Theorem 1. Assuming H°(Q) = 0, the universal m-th order deformation X m / R m 
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(2.1) R m = algebra associated to the OS 

structure on M°(J m (G)) 

(2.2) ax m/Rm = CrA n°>- P2 *(j m (e,n x )) 

where IR '' means hyperderived image in the vertical (J ) variable. 

Proof. (2.1) is proven in [Rl], where a construction for Ox m is given, and it is 
straightforward matter to check that this coincides with (2.2) for • = 0. For • = 1, 
consider the O-linear derivation d : Ox — > By functoriality this yields an 

i? TO -linear derivation Ox m — > C Rm (Rp 2t (J m <3) 7 Q x )) : hence an (9x m -linear map 
Q' x j R — > C Rm (Rp 2t (J m (6, £l x ))i and by checking on gradeds with respect to 
the m-adic filtration on R m we see that this is an isomorphism. The case of the 
rest of O' now follows easily. 

Now we take up variations of Hodge structure. The -R m -module ffj^ (X TO / R m ) := 
W(X, Q x j R ) is endowed with a (Hodge) filtration F\ induced by the stupid fil- 
tration on O x i R . At least when X is Kahler, so that H r DR (X m / R m ) is _R m -free 
by Deligne [D], the pair {H r DR {X m / R m ), F') may be called the universal m-th or- 
der variation of Hodge structure associated to X. We will give a formula for it, 
together with (something equivalent to) it Gauss-Manin correction, in terms of X 
itself. 

First, for a sheaf or complex A on a product YixY 2 , we denote by iG.H'(A),i = 
1,2, the increasing filtration on H'(A) associated to the Leray spectral sequence 

E p 2 ' q = H p (Yi, R q pi*A) H-fa x Y 2 ,A), 

and set 

l H r > s (A) = gv r (H r+s (A), l G.), 

which may be called the generalised r-th Kunneth component of H r+S (A). Note 
the natural map 

(2.3) <p: iiT'V) ^H r (A) ^ 2 H°' r (A). 

When A = AiMA 2 this is clearly an isomorphism by Kunneth. Note also that when 
A is a complex, the stupid or Hodge filtration on H'(A) induces one on i W r ' s (A). 



Theorem 2. Let X m /R m be the universal m-th order deformation of a compact 
Kahler manifold X with H (Ox) = O.Then 

(i) we have Hodge filtration-preserving R m -linear isomorphism 

(2.4) B% m H r DR (X m /R m ) ~ 1 W r >°(X < m, 1 >, J m (0, Q x )) 

= 2 e°^(X<m,l>,J m (0,O x )) 

(2.5) fl£*(*m,flm) ^ C£JiW' (X < m,l >, J m (0,Q x )) 

(nj We /lave a Gauss-Manin isomorphisms 

GM : H r DR (X m /R m )^H r DR (X) ® i? m 
B m H r DR {X m / R m )^H r DR {X) <g> 13™. 



which shifts the Hodge filtration by m. (We call the resulting projection CM : 
B m H r DR (X m / Rm) — ► H r DR (X) the Gauss-Manin projection). 

Proof. As H r DR {X m / R m ) is _R m -free, the isomorphisms (1.1), (1.2) show that (2.4) 
and (2.5) are mutually equivalent. By the Poincare lemma we have a ©-linear 
quasi-isomorphism 

where O acts trivially on C. Hence 

(2.6) j m (e,n x )~j m (e)sc©Cx 

where X = A x C I < 1 > xl c I < mil >. This implies degeneration 
of the Leray spectral sequences for J^(0,0 ) with respect to both projections pi 
and p2, and that the map cp is (2.3)-which clearly respects Hodge nitrations is an 
isomorphism. Also, from p 2 we get an isomorphism 

iH r '°( J m (0), n-))^H r (X, C)®B™ = H r (X, C) <g> (C © H°(X < m >, J m (0)). 

On the other hand in view of Theorem 1 we get via p 2 an isomorphism 

2 m°' r (j m (Q),n x ))^m r (x 1 B m (n Xm/R j). 

As Q v /R is -R^-flat, the latter may be identified with B m W(X, Q v /p ) = 

TDra ttt ( v Id \ „.u;~u -j-i -f ^-f /:\ 
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The proof of (ii) is based on the Cartan formula for the Lie derivative of differ- 
ential forms 

interior multiplication. 
Let fi x triv be fi x with the trivial action of and define a map 
(2.7) M : tot{ J m (6, Q x )) -> fof( J m (6, X) triv )) 

M hj ' k (vix- ■ -xvjXuj) = ^2 (-l)^ Ts viX- ■ -xv ri ■ ■ -xv rk x- ■ ■xv j xi Vri ... Vr . k (oj) 

ri<---<rfc 

The Cartan formula implies that (with proper choice of signs) Id@M is a morphism 
of complexes, hence yields a map 

1 m^°(x < m, i >, j m (e, n x )) -> ^(y < m, 1 >, j m (e, o X) triv )) 

which, in view of the quasi-isomorphism (2.6) is an isomorphism, and obviously 
it shifts the Hodge filtration by m. Applying the C m functor then concludes the 
proof. 

Remark that 6 © O x has a structure of (bidifferential bigraded) Lie algebra and 
the image of J' m (Q, O ) on X < m + 1 > may be identified with a direct summand of 
J m+ i(0 © O'). Correspondingly B m H r DR {X m / R m ) may be identified with a direct 
summand of H°> r ( J m+1 (© ©O')) = T m+1 (H r ) where H r is the cohomology bundle 
H r DR (X m / R m ) viewed as a geometric vector bundle over Spec(i? m ) (cf. 1.1) 

3. The Calabi-Yau case. 

We will now apply the foregoing methods to study the period map for (the re- 
form on) Calabi-Yau manifolds. So let X be Calabi-Yau, i.e. X is an n-dimensional 
compact Kahler manifolds with a nowhere-vanishing holomorphic n-form $ (which 
is then unique up to isomorphism); we will also assume X admits no holomorphic 
vector fields, i.e. H°(Q X ) = 0. The pair (Y, $) may be called a measured Calabi- 
Yau manifold (MCYM). An isomorphism between two MCYM's (Y, $) and (X', $') 
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infinitesimal automorphisms of a MCYM may be identified as the subsheaf 6 C ©x 
of divergence-free vector fields, i.e. those annihilating $ via Lie derivative. As 
before, we have universal m-th order deformations X m / R m of X and (X m /R m , $ m ) 
of (X, $), where R m (resp. R m ) is the algebra associated to the OS structure 
H°(J m (0)) (resp. H°(J m (6)) (in fact, R m is just the obvious "m-th order" quotient 
of R m [t]). The period space for (X 7 <E>) is just the vector space H = H^ R (X) (while 
for X it would be the projectivisation F(H)). The m-th order germ of the period 
map yields a ring homomorphism 

p* m :S-[H]^R m . 

Of course p* m is determined by its restriction p]^ on H, hence by the dual 

p x m : ^H = H\ 

Our purpose is to give a cohomological formula for p x m . To this end let's replace 
the DeRham complex Q x by its quasi-isomorphic subcomplex O x o given by 

O x o = Q x i < n - 2 
= fi™" 1 i = n - 1 

= i = n. 
Define a map j m : J m (©) -> ft x ,oN h J 

j^iyx x • • • x v k ) = i Vl A-Av k ® vi x • • • x v k e A fc 6 = J~ fc (0) 
= fc > n + 1. 

Theorem 3. j m is a morphism of complexes and the associated cohomology map 
M°(j m ) :f m -*H coincides with p x m . 

Proof. We begin with a geometric description of the period map p. Consider the 
germ M of the moduli for the MCYM (X, $). Over M we have the cohomology 
bundle H = 7i n , and the Gauss-Manin isomorphism 

GM : H^M x H 

and the Gauss-Manin projection GM : 7i — > H. Now the 'tautological' section $ 

..:„! J„ „ „„ — . tCi . u 
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In terms of these, the period map p is simply given by 



(3.0) 



p = GM ■ [$] : M -> H. 



On m-th order tangent spaces we get a map 



Pm = 




Being a morphism of OS structures, p m = ®p m is determined by p x m — dp m . As in 
§1.2, we have 



p 1 m = GMoB m (*), 

where £? m ($) : f m — > B m (H) is the map corresponding to $. Clearly £? m ($) is 



given by Di x ■ ■ ■ x w m h x ■ ■ ■ x w m x $ (this is compatible with differentials 
because L Vi & = 0). On the other hand GM is given by M ' J ' J as in (2.7) and clearly 
M n ' J ' J o u^, factors through Vt J x and coincides with j 3 m , hence p^ = M°(j m ) as 
claimed. 

Let us now consider consequences of Theorem 3. Denote by o- m (Q X [n]) the ru- 
th exterior signed-symmetric tensor power of Q x [n], as complex on X < m >, and 
set cr m J(O x [n]) = © a % (Q x [n]) note that j m naturally extends to a morphism 



(similarly given by interior multiplication by $). As p m is a morphism of OS 
structures, it clearly follows from Theorem 3 that: 

Corollary 3.1. We have p m = B°(a m \j m )) : f m -> S m \H). 

Now let us endow H with the modification of the Hodge filtration given by setting 
F| = H,F' + = F' otherwise. This filtration then induces one on S'(H) making p* m 
a filtered homomorphism inducing an isomorphism 



the map on H° corresponding to the morphism of complexes 



u m : J m (0) - J m (6,0^) J m (6,0 x ) 



o 



<T m Ktt Xt0 [n]) 



■^1 C- I TJ\ — ZT I T?2 tt — ( P»-l TJ\* ~v £> _ 'f'* 
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Note the diagram 



j^m ^ F m (S^ (f m ~^^ 



(3 2) Pm i I S 2 (p m -i 



m . „ m— 1 

e5*(fT) -> F m (S 2 ( © S*(#))) 



(horizontal maps being symbol or comultiplication maps). It is essentially the 
commutativity of (3.1) and its dual that translate into equations for the image of 
p m : consider the following set of Yukawa- type elements 



n 



Y n = U-b-ce S(H) :ae H,b - c e ® S'(H), 



1 



Pn(a)=p* n _ 1 (b)-p* n _ 1 (c)} 



Let S m = S-(H)/F m+1 S-(H) be the m-th quotient of the filtered ring S'(H) 
and S m = ker(S m — > S m -i) the m-th graded piece. Let I m (resp. K m ) be the 
kernel of the natural surjection S m — > R m (resp. S m — > S m (T*)) induced by p* m . 
By induction on m > n, we proceed to define lifts Y m C 7 m of Y n . given j/ G Y m , 
start with an arbitrary lift y' G S m+1 . As p* m+1 {y') G 5' m + 1 (T*) c -R m +i, there is 
an uniquely determined element 

z = z(y') G S™+ Vf + (#)) C C S m+1 

such that p^ +1 (z) = P m=1 (y'), and we let y m+ i = {y' - z(y') : y G Y m }. 

Note on the other hand that K m may be easily written explicitly in terms of the 
Yukawa forms rf : S l T — > H n ~ l,t , which formally determine the map p m = gr^p*^ : 
>S m — > S m (T*). In fact it is clear as in the above that K m is generated by elements 
of the form y — z where y G S m , z G S m (gr 1 (H)*),p rn (y) = p m (z). In particular, it 
follows easily that for m > n, -ftT m is generated by K n , i.e. if m = F™~ m S m ■ K n . 

Corollary 3.2. For all m > n Y n constitutes a complete set of defining equations 
for the image of the m-th order period map, i.e. p* m induces an isomorphism 

S m /(K m + < Y m >) ~ R m . 



Proof. Let us denote the LHS by A m . As p*^ is compatible with the F + and m-adic 
filtrations, it would suffice to prove that gr'p^ : gr' A m — > gr'R m = © S l T is an 
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suffice to prove that the evident map S° H — > gr l A m is surjective. e.g. for j = 2 a 
typical element a G gr 2 A m may be represented by ai + a2,ai G F 2 H,ai G >S 2 -£/\ 
Clearly p^( a i) e m |. so can be written as Pm{b) -p^(c), 6, c G H, so in gr 2 A m we 
have a = a2 + be G im5' 2 .£f . The case of general j follows similarly. 

Letting S = limSVn, R = limi? m , we conclude 

S/ < Y m >= k 

Since the above isomorphism is homogeneous with respect to scaling the n-form <E>, 
i.e. is compatible with F 1 H C H, R m C R m , a similar assertion can be made about 
the germ M C F(H). 

With a slightly more analytic approach, the above construction of Schottky 
relations may be made more explicit. Firstly, we may split the Hodge filtration, 
e.g. with the Hodge decomposition H = ®H n ~ % ^ . Then setting 

Hi' 1 ' 1 = H n >° © iT*" 1 ' 1 , Hi*"- 1 = (Hi' 1 ' 1 )* = H°> n + H 1 '"- 1 

we get a splitting of F + and of the dual filtration on H = H*. Assigning weight 
1 (resp. i) to Hl ,n ~ l (resp. H l ' n ~ l ,i > 2) then induces a graded ring structure B 
on B = S-(H), i.e. 

B = C © Hi*"- 1 © (S^Hl^- 1 ) © if 2 '-" 2 ) © ... 

Note that the graded subring B™^ = S- m (Hl ,n ~ 1 ) C S m l is mapped by iso- 
morphically onto R m , and that B[ may be viewed as part of the d -co ho mo logy of 

Now identifying B m ^ = R m , the associated graded gr l (p^ n ) (which is independent 
of m > i) is given by the 'dual Yukawa map' rf* , i.e. corresponds to a map given 
on the form level by 

^i* . A i,n-i _ A n-i,i* > gi(An-l,ly _ S i (A 1 ' n ~ 1 ), % > 2 

r] 1 * = id 

(recall that rf itself is given on the form level by 
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<£> -1 G H°(A n (Q)) being the dual of $; if* on the other hand appears to be a 
somewhat 'deeper' object and doesn't seem to be given by such a simple purely 
local expression). 



Now to construct Schottky relations, i.e. a basis for I m = ker(5 ,m l — ► R m ), we 
proceed inductively. As if m = I m f] S m may be assumed known, it would suffice 
to describe a canonical lift of any y G I m to I m +i- We may assume y has no 
component in H 0,n . On the form level we may write 

rf (y) = = £ a/f ® / 2 Q ® ... ® /« a , 



where /f G A 1,n_1 , /? G A 1 ' n ~ 1 ,j > 2, 1 < m a < m, and the expression / = Ell/f 
may be written in term of y via a suitable Green's operator. We may then define 
a polynomial q y = ^ Qy on T by the formula 

Qy(uo,...,u ma+1 ) = u-symmetrisation of (/ [u , «i] A°)( / w 2 / 2 Q )...( / u ma f m J 

Jx Jx Jx 



where itj G T, 

[it*, itj] = ^(ttj, Uj) G A 



([.,.] being the map induced by the Lie bracket , and the latter equality being a form 
of the 'Tian-Todorov Lemma'). Then q y corresponds to an element z y G 
and we set the lift of y as 

y' = y- z y G 7 m+ i. 



Remarks 1. For n = 2, the construction may be simplified and refined. Indeed it 
easy to write down a subcomplex K' C a' (Q' x [n]) which contains- and indeed coin- 
cides with- the image of a'(j'): e.g. K~ 2 = {(a, b x c) G x A 2 (0^ ro ) : a$ = 6 Ac}, 
etc. and we have 

tut0/7^>— m\* a- f zr\ //A „\ 
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where q G S 2 (H) is the canonical quadratic form . Clearly then factors through 
an isomorphism 

Thus in this case there is a single quadratic Schottky relation <E> — q, i.e. the familiar 
'period quadric' of K3 surface theory. 

2. Identifying R m = B™\ the period map B m ^ — > B™* fails to respect the 
respective gradings, and it is precisely this failure that, for n = 3, is supposed to 
be related to the quantum cohomology of the mirror manifold. 



References. 

[D] Deligne, P.: Theoreme de Lefschetz et criteres de degenerescence de suites spec- 
trales'. Publ. Math. IHES 35 (1968), 197-226. 

[G] Griffiths, P.: 'Topics in transcendental algebraic geometry' Ann. of Math. Stud- 
ies. 

[Rl] Ran, Z.: 'Canonical infinitesimal deformations' (preprint). 

[R2] 'On the local geometry of moduli spaces of vector bundles (preprint). 



